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Technical Report

1.INTRODUCT10N

A single‐ degree― o■iccdom(SDO「)syStCm with a
lll ass(777),a Spring(た ),and a damping(ε )iS a basic

mechanical system  lt iS 、vell kno、 vn that a con■
―

plcx mechanical systenl is rcprcscntcd by a colnlbina―

tion of inlinite nul■ bcr of SDOF systems  ThC

nlodal analysis thcory is bascd on this principle,but

Only onc typc alllong varlotls typcs of SI)OF systcms

is presently cnlployed for a nlodcling of colllplCX

systenls

Vヽhen onc necds tO estimate/72, た alld 6 0f a

SE)OF systcm :LOnl thc nleasurcrncnt of the reso―

nancc f[cqucncy and thc loss factor, thc rclation―

ships bet、 vccn thcln nlust bc cxactly kno、 ハ/n.  Thosc

relationships are kno、 vn for coml■ lonly used SE)OF

systems,but thOSe for ratllcI・ unfallliliar types arc not

known.

In this tcchnical report, various types of SE〉 OF

systcms and thcir cquivalcnt electrical circuits are

listed, and equations that relate the resoFlanCC fre―

Resonance frequencies and loss factors of various

single― degree… of―freedom systems
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A singic― dcgrcc― o「■ccdom(SDOF)system with a mass(777),a Sp面 ng(た ),and a dalmpi1lg(ε )

is a basic illechanical systcm  lt is 、ハ/cll kno、 /n tllat a colmplcx nlechanical systcm is

rcprescntcd by a conlbination of inillitc llulllbcr of SD(DF systcms.  The modal analysis

thcory is bascd on this principlc,blit only onc typc alnong various typcs of SE)O F systcnls

is prcscntly employcd for a modeling oF conlplcx systcnls  Wllcn one necds to cstinlatc/77,

た,and ε ofa SE)OF systenl fronn thc lmcasurelllcnt ol'the rcsollancc rreclucncy and the loss

factor, thc rclatiollships bctヽ /ecn thclll nlust bc cxactly kno、 vn  Thosc rclatiollships are

knoヽvn for comnlonly uscd SI)OF systcms, but thosc ror ratllcr unfallliliar typcs alic not

kno、 vn  ln this tcchnical rcpol‐ t, variOus types of SD()「  systcins alld tllcir cquivalcllt

clcctrical circuits arc listcd, and cquations that relatc ti〕 c rcsonancc Frcqucncics to tllc

undanlpcd rcsonancc(natural)frctlucnCiCS and thc loss貴 lctors arc givcn  lt is`llso sho、
vn

that,lor somc typc of SI)OF systcms,somC Carcs must bc takcn how to illtcrprct thc loss

factor

Kcywordsi SDOF systcms,Resonance ttequcncy,Loss Lctor,～ lodcl analysis
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qucncics tO thc undalllped resonance(natural)fle―

qucncics and the loss factors are givcn  lt is also

shown that,for somc typc of SD(DF systcllls,SOme

cares rnust be takcn hoゝ I to intcrprct the loss factor.

2.DEFINIT10N OF RESONANCE AND
ANTI― RESONANCE FREQUENCIES

11l this tcchnical rcpolit,thC rCSonancc flequency of

a SE)OF systelll is dcnncd as thc fllcquency at、 vhicll

thc dri、アing point admittancc(ve10Ciけ /forcc)givcs
thc maxilllun〕 value  ln a sil■ lilar 、′ay, the anti―

resollancc fl・ cquency is dcincd as thC fl・ equency tlt

which thc driving point inlpedancc(fOrcC/Ve10City)

givcs the maxinlum valuc.ThC rcsonancc(alSO

lllcans `tanti― resonancc'' 11l sOrllc cases) Can bc

dcincd by use o「 the displacclllent or acceleration

instead of vclocity

Thc n.st c。 11lmn(eXCept the colullln for the model

type)Of rig l shows varioustypes or sDOF systcms

with the mass(777),the SPring(た )and the damping

(ε) Type A is the lalost common SDOF systcm
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that is uscd for thc rnodcling of a complcx mcchani―

cal systcm lt has thc(angular)rcsonance frc‐
quency given by

ωo=ωA=[雨  `       (1)

The “displaccmcnt'' or “accelcration" based rcso―
nancc ttcqllencies for type 、́ SE)OF systcm arc

given, rcspcctivcly, byl)

ωd、 =ω。√・ 露
]=ω。√―η2万    (2)

and         
‐

ωacc=ωO/71-愛
「
=ω。/7TI万 2″

whcrc η is thc loss factor(ζ =η /2 is thc
ratio)which iS givcn by

η=2ζ一沸 =ωび十=廿
Thc displacement or accclcration fcsonancc frc―

qucncy is dcpcndcnt on thc loss factor and al、 vays

lo、vcf or highcr than ω。.  ノヽ bcncnt of tising the

vclocity resonancc frcqucncy is that thc rcsonancc

frcquency is indcpendent of thc loss factor.  In

gcncral, the rcsonancc ticquency is indcpendcnt of

thc loss factor if the adlllittance or impcdancc char―

actcristic of a SDOF systcnl is symmctric with

rcspcct to ω。ヽVhCn thc f[cquency axis is cxpresscd in

thc logarithnlic scalc

Another delinition of thc rcsonance frcqucncy

based on a tirllc、 vavcforlll cxists.  lf an irllpulsc is

givcn to typc A SE)(DF syslcm 、vith a zcro initial

displaccmcnt,thc displaccmcnt rcsponsc is givcn by

(ζ <l iS assumed)1)

χ(′)=スθ
~ω°りsin ωd′ , ′≧0    (5)

、vhere _4 is a cocmcicnt detcrlllincd by thc initial

vclocity and ωd given by

ωd=ωO(1~ζ
2)        (6)

is callcd thc damped rcsonance■ equency.  This is

slnaller than ωo but larger than ωdis oftypc/、 SDOF
systcrn

NOTE li Only the resonance type SDOF systems

(typcs A,C,E,and G)show thC Vibratory motion
、vhen an inlpulse is applicd.  lf a frcqucncy

responsc inction is measured by thc ilnpulsc

mcthod,the anti‐ rcsonancc of type B, E), F and H

SI)OF systcTIls arc not obsclvcd.  lf a continuous

cxcitation by a shakcr is applicd to thosc systcms,

thc antl‐ rcsonancc can bc obscrved.
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3.RESONANCE FREQUENCIES OF
VAR10US SDOF SYSTEPIIS

The second and third columns of Fig.l shOw

cquivalcnt clectrical circuits of thc mechanical sys―

tems sho、vn in thc arst c。 lumn.  The s∝ ond and
third columns arc obtaincd by the mobility and
irnpcda1lce analogies, respcctivcly.2) The fourth

colurnn shows thc admittance curvcs of cach SE)OF

systcrl■ s

31 Typc A and B SDOF Systelns
Typcノヽ and type B SI)OF systcllls arc dual with

cach othcr,that is,thc charactcristic of thc forcc of

onc typc has thc samc propcrty ofthc vclocity char¨

actcristic of thc othcr typc, and vicc vcrsa.  Thc

anti―rcsonancc frequcncy of typc B SE)OF systcm is

given by Eq(1).

ωB=ωO=ν筋 (7)

The loss factor η
/oftypc B SDOF systcm can bc

dcincd iom thc analogy to typc A SDOF system

and using thc lnobility analogy circuit such that

バ型の一漏赫 =μ (8)

Equation(8)indiCatcs that the loss factor of typc B

SDOF system is largcl with a smallcr damping.

3.2 Type C and D SDOF Systcms
Typc C and D SDOF systcrns havc thc duality

relationship with cach othcf.  The resonancc fre―

quency oftypc C SE)(DF systenl is obtained as fol―

lows

Thc ilnpcdancc oftype C SE〉 C)F systcn■ is given

■om thc cquivalent cl∝ trical circuit(impCdancc

analogy)suCh that

ムの=ル四十
脇

物 Й      ω )

Thc squarcd absolutc valuc is givcn by

И雄

(3)

damping

(4)

(10)

By dimcrentiating Eq(10)With rcspcct to ω and
lctting thc rcsult cqual to zero, thc rcsonancc fre‐

qucncy is obtained as

ωc=ω0771+2(η′)2_(η
′
)2 (11)

Frorn thc duality,thc resonance frcquency oftypc D



H suZUKI:RESONANCE FREQ&LOSS FACTORS OF SDOF SYSTEMS

Fig.l Tablcs of various

curvcs

SDOF systcln is given by

mcchanical SDOF systcms and their cquivalcnt clcctlical circuits and adlalittancc

ωD=ω07五 十2(η )2_(η )2 (12)

3.3 Typc E and F SDOF Systellls

A method to obtain the anti― rcsonancc frequency

Oftype F SI)OF systcm is thc samc as thC nlethod

dcscribcd above.  The adllllittancc of this systenl is

(13)

in 32, the reso―

(14)

given by

Кσ卜=アお万十τ載■|;。Fデ
1当
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FoHowing the same procedurc as

nancc frcquency is givcn by

街=イ鼎
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F■om thc duality,

Q=イ畳4217‐ (15)
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NOTE 2: Applications Of dcfinitiOns of10ss factoT

givcn by Eqs(4)and(8)wcrc CXtcnded to typcs C‐ F
SE)OF systcms  Strictly spcaking,hOwcvcr,CXCept

fortypcs A and B SD(DF systcrlls,values givcn by

Eqs(4)and(8)do l10t agrec witl■ the n■ casured loss

faclors by the half‐ power mcthod  This is rclated

to thc asynllnctry of adⅡ littance or impcdance ctirvcs

sho、vn in Fig 卜  Vヽhcn thc dennitions 01｀ thc 10ss
factor givcn by Eqs(4)and(8)clrc applicd to typcs

C― F SDOF systcms,this i■ ct shollld bc rcrnindcd

3.4 Typc⊂ )and H DSOF Systcms
Sincc thcsc typcs havc thc sylllrlllctric impcdancc

and adlllittance ctllvCS, rCspcctively, tllc rcsonancc

■cqucncics do not dcpcnd on thc loss factol,and arc

givcn by

ωc==ωH=/;傷 (16)

NOTE 3: A signilicant dilΥ crcncc ol｀ thcsc twO

typcs■ onl thc previous typcS is tllat[hc adrllittancc

or thc il■lpcdancc has an intinitcly largc or small

v■lucs rcgardlcss of thc rllagnitudc Of thc darnping

ln this scnse,thc dcinition ofthc 10ss factor givcn by

Eq(4)or(8)arc nOt applicablc at all tO these SI)OF

systcnls

35  Comparison of thc Rcsonance Frcquencics

Thc dcpcndcncc of rcsonancc icqucncics of
SDOF systcllls iom typc A to F on thcloss hctof(η

Or η
′
)arc shown in「 i32.Thc validity of thc

folmulac has bё cn chcckcd by numcrical calcula―

tions, that is, “truc'' rcsonancc licqucncics wcrc

obtaincd iom thc pcak of thc adlllitttlncc or

irnpcdancc curvcs and conlparcd with thosc givcn by

thc formulac shown abovc  Frcqucncics,ωdis,ω acc,
and ωd oftypc A SDOF systcrn are also shown in
Fig(2).

Follo、 ving rclllarks can bc madc ionl thc rcsult

i)lf Eq.(1)iS uscd tO cstimate mass 777 and

springた for a systcnl othcr tilan typcノヘ,B,G,
of H,an crror nlay bc induccd

il)A situation may bc worsc ifllleasurcd valucs

of thc displaccment of thc accclcration rcsO_

nancc or anti‐ rcsonancc frcqucncies arc uscd.

lii)Typcs C/D and E/F SDOF systcms havc thc

samc ordcr of loss factor dcpcndcncc but in

thc oppositc dircction  For a rclativcly

′σσ
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Fig.2  Dcpcndencc of rcsonancc■ cqucncies on
thc lossぬctor br various sDOF systcms

large loss factOr, η二=0.6,thc dcviation of the

rcsonancc icqucncics ■om thc undanlped
rcsontlncc frcqucncy arc apprOxilnatcly 2%,

、vhich nlay bc usually a ncgligiblc ordcr.

4. CONCLUS10NS

Various dcrinitiOns Of thc rcsonance icqucncies

、vcrc intloduccd rirst and thcn thc dcpendcnce bf

rcsonancc tcqucncies on thc loss factOIs of variOus

SD(DF systerlls wcre discLISSCd  Thc intcrpretation

ofthc 10ss factorお r ditFercnttypcs of SDOF systcms

wcrc also discusscd  ln most cases,thc c∬ cct of thc

loss factof on thc rcsOnancc lilcqucncics arc not vcry

scrious.  HOwcvcr, in cascs whcrc an accurate sys…

tcrll idcntilicatiOn Or cvaluation of the 10ss factor is

neccssary,a carc shOuld bc takcn as tO、 vhich type of

SDOF systcnl is uscd as a model and、vhat formula
is applicd tO thc mcasured valucs  ln thc nlodal

analysis, M/hcn thc curvc litting methOd based On

typc A SDOF systcm dOes not givc a satisね ctoly
resuit,anothcr typc of SI)OF modcl lllay bc tried.
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